Semi-competing risks data frequently arise in biomedical studies when time to a disease landmark event is subject to dependent censoring by death, the observation of which however is not precluded by the occurrence of the landmark event. In observational studies, the analysis of such data can be further complicated by left truncation. In this work, we study a varying co-efficient subdistribution regression model for left-truncated semi-competing risks data. Our method appropriately accounts for the specifical truncation and censoring features of the data, and moreover has the flexibility to accommodate potentially varying covariate effects. The proposed method can be easily implemented and the resulting estimators are shown to have nice asymptotic properties. We also present inference, such as Kolmogorov-Smirnov type and Cramér Von-Mises type hypothesis testing procedures for the covariate effects. Simulation studies and an application to the Denmark diabetes registry demonstrate good finite-sample performance and practical utility of the proposed method.
Introduction
In biomedical studies, semi-competing risks data arise, for example, when time to a nonterminating landmark event of disease may be dependently censored by time to death but not vice versa. The data structure has attracted much research interest, due to its frequent occurrence in practical situations (Jiang et al. 2003; Peng and Fine 2006; Ding et al. 2009 ; among others). One example of the semi-competing risks data is the Denmark diabetes registry study (Andersen et al., 1993; Kofoed-Enevoldsen et al., 1987) , a prospective cohort study that included 2727 type I diabetic patients referred to the Steno Memorial Hospital in Greater Copenhagen between 1931 and 1988. An intermediate endpoint of interest is the development of diabetic nephropathy (DN), a syndrome indicating kidney failure. Since death may preclude the observation of DN but remains observable after DN onset, time to DN, say T 1 , and time to death, say T 2 , with diabetes diagnosis set as time origin, form a semi-competing risks structure. An important complication in this registry study, like in many other prevalence studies, is left truncation, which occurred because patients can be observed only if they were alive at the study enrollment.
With semi-competing risks data, the cumulative incidence function (i.e., subdistribution function) for T 1 , F 1 (t) = Pr(T 1 ≤ t, T 1 < T 2 ), has been advocated to characterize the distribution of the nonterminating event time, T 1 . This crude quantity depicts the progression of disease while accounting for the presence of death, and moreover has the virtue of being nonparametrically identifiable (Prentice et al., 1978) . In the absence of left truncation, analysis of F 1 (t) with semi-competing risks data can follow the approaches developed for competing risks data. For example, in the one-sample case, one may estimate F 1 (t) by adopting the methods in Andersen et al. (1993) . Under regression settings, several approaches have been developed to study the covariate effects on the cumulative incidence function. For example, a popular method is the proportional subdistribution hazards model proposed by Fine and Gray (1999) , which essentially amounts to a transformation model for F 1 (t|Z) = Pr(T 1 ≤ t, T 1 < T 2 |Z) in the form of (1) Here Λ 10 (t) is the baseline cumulative subdistribution hazard, Z T = (Z 1 , Z 2 , …, Z p ) T is the p × 1 covariate vector, and γ̃ is the p× 1 regression coefficient. Under model (1), covariates are assumed to have linear effects on F 1 (t|Z) after a complementary log-log transformation. Several other types of regression modeling of F 1 (t|Z) were studied by Fine (2001) and Klein and Andersen (2005) , among others.
The data scenario focused in this paper is the semi-competing risks data subject to left truncation to the terminating event, as occurred in the Denmark diabetes registry example. While some efforts have been made to address the left truncation issue for subdistribution regression with competing risks data (Geskus, 2011; Zhang et al., 2011; Shen, 2012) , naively adapting these methods to the semi-competing risks setting in the presence of left truncation would incur information loss from coercing semi-competing risks data into competing risks data, even in the crude analysis. For example, in the Denmark diabetes registry study, such "coercion" would require exclusion of subjects who had developed DN before the registry entry. As shown by Peng and Fine (2007) , such artificial truncation can incur considerable efficiency loss. In addition, Jiang et al. (2005) have studied semicompeting risks data with the complication of left-truncation. They adopted the copula assumption to study the marginal quantity P(T 1 ≤ t|Z), which differs from the F 1 (t|Z) of interest here.
It is also worth noting that most of the existing subdistribution regression methods constrain all covariate effects to be constant. This assumption may be too restrictive in many practical situations. For example, the efficacy of a treatment may fade over time due to drug resistance, or the gender difference may be unnoticeable at the beginning but gradually manifest itself over time. For cohort studies with long follow-up periods, such as the Denmark diabetes registry study, the validity of the constant effect assumption may be especially questionable. By these considerations, it is often of practical appeal to consider varying-coefficient regression models that can allow for changing effect patterns, thereby enabling a more comprehensive view of covariate effects, and perhaps, more accurate predictions.
Two modeling approaches have been studied for accommodating varying covariate effects on the subdistribution function of interest. One is the direct binomial regression modeling of cumulative incidence probability (Scheike et al., 2008) , which directly links covariates with the cumulative incidence function while allowing for regression coefficients to vary over time. This modeling strategy shares similar spirit of the additive complementary log-log survival model studied for randomly right censored data (Peng and Huang, 2007) but more flexibly accommodate the presence of competing risks. Of note, the direct binomial regression model of subdistribution offers a strict extension of Fine and Gray (1999) 's proportional subdistribution hazard model. More recently, Peng and Fine (2009) proposed competing risks quantile regression which formulates covariate effects on a range of conditional quantiles of the cumulative incidence function. The regression coefficients are permitted to change with different quantile levels, and thus renders a less restricted model compared to a competing risks accelerated failure time model. The method of Peng and Fine (2009) was extended by Li and Peng (2011) to handle left truncation to semi-competing risks data.
A general goal of this paper is to develop a new regression approach for left-truncated semicompeting risks data, which appropriately accounts for the specifical censoring and truncation features of this data type, and also has the flexibility to accommodate nonconstant effects of covariates. In this work, we opt for the direct binomial regression modeling of subdistribution, which may lead to the following varying-coefficient subdistribution regression model, (2) where g(·) is a monotone link function, Z = (1, Z̃T) T , and β 0 (t) is a (p+1) × 1 vector of timevarying coefficients. Compared to competing risks quantile regression modeling in Peng and Fine (2009) and Li and Peng (2011) , model (2) provides a more direct approach to assessing the covariate effects on and predicting cumulative incidence probabilities, and thus may be preferred in scenarios where the scientific interest centers on the cumulative incidence function itself. The method developed by Scheike et al. (2008) for model (2) purely focuses on standard competing risks data. How to extend their method to handle left truncation, particularly in the semi-competing risks setting, does not seem straightforward. In our simulation studies, we observe that naively applying Scheike et al. (2008) 's method to lefttruncated semi-competing risks data can incur large estimation bias.
In the rest of the paper, we propose estimation and inference procedures for the varyingcoefficient subdistribution regression model (2), tailored to left-truncated semi-competing risks data. We construct monotone estimating equations that can be readily solved by existing statistical software. We establish the asymptotic properties of the proposed estimator including uniform consistency and weak convergence. The influence functions of the proposed estimators are also derived, and greatly facilitate the inference, such as Kolmogorov-Smirnov type and Cramér Von-Mises type hypothesis testing procedures for the covariate effects. Via extensive simulations, we show that the proposed method performs well with various truncation rates and link functions. An application to the Denmark diabetes registry data demonstrate the practical utility of the proposed methods.
Estimation and Inference Procedures

Data and Model
We begin with a formal introduction of data notation and discussions of the adopted model (2). Let T 1 , T 2 , and C denote, respectively, time to the nonterminating event, time to the terminating event, and time to administrative censoring. In the absence of left truncation, semi-competing risks data comprises
When the terminating event is subject to left truncation, data is observable only when L < Y, with L representing the truncation time. Therefore, the observed data becomes , which are identically and independently distributed and follow the conditional distribution of (L, X, Y, δ, η, Z) given L < Y.
For the truncation and censoring schemes, we assume that the censoring time C is always greater than the truncation time L. This assumption has been commonly adopted in literature (Wang 1991; Asgharian et al. 2002; Oakes 2008; among others) , and is natural in prospective cohort studies where subjects are followed from study entry until the terminating event or censoring. We also assume that (L, C) is independent of (T 1 , T 2 , Z). Some relaxation of this assumption is discussed in Section 5.
We consider the varying-coefficient subdistribution regression model (2), which offers straightforward coefficient interpretations and great model flexibility. The first component of β 0 (t) corresponds to the g −1 transformed baseline cumulative incidence when Z = (1, 0 T ) T , and the remaining components correspond to covariate effects on F 1 (t|Z), which are allowed to change with t. When g(x) = 1 − exp{−exp(x)}, model (2) is an extension of the proportional subdistribution hazards model (Fine and Gray, 1999) , which corresponds to the situation where all non-intercept coefficients are constant across t. With this link function, model (2) assumes that covariate effects are multiplicative on Λ 1 (t|Z) ≡ −log{1 − F 1 (t|Z)}, the cumulative subdistribution hazard at time t. When g(x) = 1 − exp(−x), covariates influence Λ 1 (t|Z) in an additive manner. With all non-intercept components of β 0 (t) being linear functions of t, model (2) becomes an additive subdistribution hazard model, a counterpart of the additive hazards model (Lin and Ying, 1994) in the competing risks setting. Another useful link function in practice may be g(x) = log{x/(1− x)}, which would allow us to investigate the odds of observing the nonterminating event in the presence of death before time t.
Estimating Equation
The key idea for estimating β 0 (t) is to utilize the technique of inverse probability of censoring weighting (Robins et al., 1995) to account for the sampling bias from left truncation. This leads to the equality,
where G(y) = P(L < y ≤ C), and α(z) = P(L < Y |Z = z). Note, α(z) equals P(L < T 2 |Z = z) under the assumption that L is always less than C, and represents the conditional probability that a subject is not truncated.
Let W(y, z) = G(y)/α (z) . Suppose that we can obtain a consistent estimator of , denoted by . Equation (3) motivates us to estimate β 0 (t) by solving the following estimating equation:
(4) Note, equation (4) is monotone in β (t) (Fygenson and Ritov, 1994) . This feature entails not only the global consistency of the resulting estimator in theory but also easy and stable computation. For a fixed t, the solution to equation (4) can be easily obtained via Newtontype root-finding methods, such as the optim function in R, or the multiroot function in R package rootSolve. To estimate β 0 (t) on a continuum of t, it is sufficient to solve (4) only at the observed event times of T 1 . The resulting estimator, β(t), is a step function of t that jumps only at finite time points.
Remark-One may consider substituting the first in (4) with . However, this would lead to an estimating equation, which is no longer monotone. In some unreported simulation studies, adopting equation (4) was observed to outperform such an alternative.
Next, we discuss the estimation of W(y, z). First, we estimate α(z) using the equality that , where S 2 (l|z) = Pr(T 2 > l|Z =z), F L (l) = Pr(L ≤ l). Following the lines of Li and Peng (2011) , we note that T 2 is subject only to independent left truncation and right censoring, and thus standard regression models for left-truncated univariate survival data can be adopted to estimate S 2 (·|z). In this work, we use the classical Cox proportional hazards model and denote the resulting estimator by Ŝ 2 (·|z). Alternative estimators of S 2 (·|z) may also be adopted, provided that they render satisfactory approximations to the survival function in the presence of left-truncation. Therefore, a consistent estimator for α(z) can be constructed as where with . The upper limit of integration, ν, is a constant satisfying regularity condition C3 in Section 2.3. Here, F̂L(l) is the product limit estimator of F L (l) in the presence of right truncation to L by Y (Woodroofe, 1985) . It is worth mentioning that both Ŝ 2 (·|Z) and F̂L(·|Z) are step functions that jumps only at the observed event times and truncation times respectively. As a result, stands for a Lebesgue-Stieljes integration, which can be calculated as a finite summation without involving complex numerical integrations. In addition, G(y) can be consistently estimated by Consequently, we obtain an estimator of W(y, z), Ŵ(y, z) ≡ Ĝ(y)/α(z), which can be shown to be uniformly consistent in y and z.
Asymptotic Results
For a nonnegative random variable T, let a T = inf{t ≥ 0 :
For a square matrix A, we use eigmin(A) to denote the minimum eigenvalue of A. Let b ⊗2 denote bb T for a vector b. The regularity conditions are specified as follows.
C1
The covariate space is bounded, i.e., sup i ||Z i || < ∞.
C2
The regularity conditions as in Anderson & Gill (1982) , with the definition of at risk process modified to .
The assumed regularity conditions are rather mild and are expected to be met in many practical situations. More specifically, C1 assumes the boundedness of covariates. We assume bounded covariates in C1 to simplify theoretical arguments. This constraint on covariates can be relaxed to E(Z 2 ) < ∞ to accommodate unbounded covariates. By C2, we would attain the uniform consistency and weak convergence of Ŝ T 2 (t|z). Condition C3 (i) poses mild assumptions on the observation range of L and Y to ensure the identifiability of α(z) (He and Yang, 1998) , while C3 (ii)-(iii) simplify the asymptotic arguments, and are often met in clinical settings after some minor adjustment. For example, one may adopt C * = min(C, C U ) to ensure that C3 (ii) is always satisfied, where C U is a constant chosen to be only slightly less than b C . This technique is often adopted for censored data to avoid the instability of the estimators in tail regions (Peng and Fine, 2009) . It is easy to see that C4 (i) is satisfied when E(Z *⊗2 ) is positive definite and g(·) is strictly monotone. Condition C4 (ii) requires the smoothness of β 0 (t), which is also reasonable in practice.
We establish the asymptotic properties of β(t), which are stated in the following theorems.
Theorem 1. Under Conditions C1 -C4, .
Theorem 2. Under Conditions C1-C4, n 1/2 {β(t) − β 0 (t)} converges weakly to a mean zero Gaussian process with covariance matrix
The detailed proofs of Theorems 1-2 are relegated to Appendix.
Inferences
In the proof of Theorem 2, we show that n 1/2 {β(t) − β 0 (t)} is asymptotically equivalent to , where ξ i (t) is defined in Appendix and are i.i.d. with expectation 0. Let . A consistent estimator of the asymptotic covariance matrix Σ(t, t) can be constructed as , where
Here ŵ i (y, z) is a consistent estimator of w i (y, z), which represents the influence function of Ŵ −1 (y, z). The detailed form of ŵ i (y, z) is provided in Supporting Information B. Based on the proposed covariance estimation, for a given time point t, one can readily construct a Wald-type pointwise confidence interval for β 0 (t).
In practice, it is often of interest to assess whether a certain covariate, say Z j , has any effect on the cumulative incidence function. To this end, the null hypothesis may be formulated as u] , where the superscript (j) denotes the j + 1th component of a vector.
It is important to note that draws inference on simultaneously for all t ∈ [l, u] . To test , one straightforward approach is to construct a Wald-type test based on at a single or multiple prespecified time points. However, this would involve a subjective choice of time points and can miss differences from null. As a natural alternative, one may construct the test using the integral of over [l, u] . The detailed procedure can follow the lines of Peng and Fine (2009) . One potential issue with the resulting integral test may be lack of power when changes its sign in the time interval [l, u] . In this work, we additionally consider two "omnibus" test statistics: (5) where Σ(t, t) (j,j) denotes the j + 1th diagonal element of Σ(t, t). Note that is a Kolmogorov-Smirnov (K-S) type test statistics based on the supreme absolute difference, and is a Cramér Von-Mises (C-V) type test statistics that integrates the squared difference over time. Both and are sensitive to all types of departures from the null hypothesis. To obtain the p-values of the proposed test statistics, we adopt a resampling procedure following the idea of Lin et al. (1993) . Specifically, one may generate B independent sets of , b = 1, 2, …, B, for a large number B, where are independent random variables from a standard normal distribution. Define , it can be shown that the conditional distribution of n 1/2 {β̂* b (t) − β(t)} given the observed data has the same limit as the unconditional distribution of n 1/2 {β(t) − β 0 (t)}. Hence, one may approximate the asymptotic distribution of and under the null hypothesis by the empirical distribution of B resamples obtained as and with n 1/2 β̂( j) (t) replaced by . The p-values can then be computed accordingly.
One may also be interested in evaluating whether the effect of Z j on F 1 (t|Z) takes some specified parametric form. This often offers a natural means for checking the goodness-of-fit of certain classical models. For example, when g(x) = 1 − exp{−exp(−x)}, rejecting the null hypothesis for some j in {1, …, p}, where c 0 is an unknown constant, may suggest the inadequacy of a proportional subdistribution hazard model. With g(x) = 1 − exp(−x), an additive subdistribution hazard model holds only when is a linear function of t for each j in {1, …, p}. Thus, it may be of interest to consider the null hypothesis that takes the form, , where c 0 is an unspecified constant. For presentation simplicity, here we only discuss the hypothesis testing on the constancy and the linearity of a covariate effect under model (2), driven by the two special examples discussed above. Nevertheless, the basic idea can be adapted to evaluate other specified parametric forms for .
To test the parametric form of a covariate effect, we still consider the K-S and the C-V types of test statistics, which may be given by with b̂( j) (t) being a reasonable estimate of the regression coefficient at time t under the restriction of , and Ξ(t,t) being a consistent estimator of the variance of n 1/2 {β(t) − b(t)}.
To test the constancy of or the linearity of in t, we may adopt
Resampling techniques can similarly be used to approximate the asymptotic distribution of the test statistics.
Simulations
Extensive simulation studies were conducted to evaluate the finite sample performances of the proposed estimators. We set Z = (1, Z 1 , Z 2 ) T , where Z 1 follows a normal distribution N(1, 0.7 2 ) truncated between 0 and 2, and Z 2 follows Bernoulli(0.5) distribution. We generated bivariate survival data (T 1 , T 2 ) such that the underlying subdistribution equals for t ≤ 2.5, where with F 1 {t|Z = (1, 0, 0) T } = 0.45−0.45 exp(−1.25t) and the forms of and are provided in Table 1 . Furthermore, T 2 follows a Cox proportional hazards model with regression coefficient vector, (0.3, −0.4) T , and baseline hazard function, 4.5x −0.1 . Under our data generation scheme, for a fixed Z, T 1 is dependently censored by T 2 with a probability of P (T 1 > T 2 |Z) = 1 − F 1 (2.5|Z). We considered both the additive hazard model and the multiplicative hazard model by setting g(x) as g 1 (x) ≡ 1 − exp(−x) and g 2 (x) ≡ 1 − exp{−exp(x)} respectively. The truncation time L = r L × L 0 , where r L is Bernoulli with probability p L , and L 0 is a positive random variable that is independent of r L . Such a truncation scenario mimics the Denmark diabetic registry data, where the distribution of L has a point mass at 0. We generate the censoring time as C = min{L + Unif(7, 12), 9.5} such that C is always greater than L. We chose different combinations of {g, , p L , L 0 }, which led to the four simulation setups in Table  1 . Table 1 shows that we examined scenarios with various combinations of truncation rates and event rates. For example, the truncation rates in setups S1A and S1M equal 20%, reflecting a rather low level of truncation, while setups S2A and S2M involve 40% truncation, corresponding to situations with moderate to heavy truncation. We also considered both time-varying and time-invariant coefficients for either continuous covariate or binary covariate. The non-constant coefficient functions in our simulation setups are increasing with t. This mimics the situation observed in the Denmark diabetes example, where covariates seem to manifest bigger effects at later times.
Under each setup, we implemented the proposed methods on 2000 simulated datasets with sample size 200 and 400. All numerical calculations were implemented in R. We adopted the coxph() function in R package survival to obtain Ŝ(·|Z), and used the multiroot() function in R package rootSolve to solve the proposed estimating equation (4). According to our numerical experiences, the implementation of our methods based on these R functions is stable and fast. In Tables 2-3, we reported the empirical bias (EBias) of {F̂1 0 (t), β̂( 0) (t), β̂( 1) (t), β̂( 2) (t)} T at t = 0.3, 0.5, 0.6, 1.1, 1.5, where F̂1 0 (t) ≡ g{β̂( 0) (t)} denotes the estimated baseline cumulative incidence rates. We also presented the empirical standard errors (ESD) and the average of estimated standard errors (ASD) of {β̂( 0) (t), β̂( 1) (t), β̂( 2) (t)} T , as well as the empirical coverage probabilities of the 95% Wald-type confidence intervals (C95). Tables 2-3 suggests that the proposed β(t) is virtually un-biased under all setups. The relatively larger bias in β̂( 0) (t) under S1M and S2M may be attributed to the fact that log[−log{1 − F 1 (t|Z)} is of larger magnitude and goes to −∞ when t goes to 0. Nevertheless, the estimation of F 1 {t|Z = (1, 0, 0) T } seems rather accurate in all cases, somewhat confirming our explanation for the bias in β̂( 0) (t). As expected, the standard errors of the proposed estimator get larger when the truncation and censoring rates increase. Under all setups, the proposed standard error estimates closely match their empirical counterparts, and the Waldtype confidence intervals based on normal approximation provides satisfactory empirical coverages. Moreover, it is clear that the performances of the proposed estimator improve with the sample size.
For comparison purpose, we also implemented Scheike et al. (2008) 's method via the comp.risk() function in R package timereg without handling the left truncation to T 2 . The empirical biases of the corresponding estimators, , are shown in the first four columns of Tables 2-3. These results show that ignoring the left truncation leads to biased estimation under all simulation setups, and the magnitudes of bias grow with the truncation rates. We also note that F̂B ,10 (t) tends to underestimates the baseline cumulative incidence.
As suggested by one referee, we further compared the root mean squared errors (RMSE) between the proposed estimator and the naive estimator from applying Scheike et al. (2008) 's method (blue) under all simulation setups; see Figure 1 . It is observed that in some cases, the naive estimator has smaller RMSE than the proposed estimator, in spite of its substantially larger bias. Our investigation on this phenomenon indicates that the smaller RMSE of the naive estimator is caused by its surprisingly small variances. These small variances of the naive estimator, coupled with its large bias, would lead to severely biased inference. To confirm our conjecture, we plot in Figure 2 the empirical coverage rates of 95% confidence intervals derived from the proposed method and those based on the naive method under all four setups. It is clear that the proposed method always yields coverage rates close to the nominal level, 95%. However the naive method generally produces markedly lower coverage probabilities. The results in Figure 2 provide a good demonstration of the serious issue with naively ignoring left truncation in registry data analysis.
We also evaluated the performance of the proposed Kolmogorov-Smirnov type test statistics, , and the Cramér Von-Mises type test statistics, . We considered for setups S1A and S2A, and for setups S1M and S2M, where c 0 is an unspecified constant, j = 1, 2. For each simulated dataset, we performed the tests based on 2500 resamples. The significance levels for all tests were set as 0.05. In Table 4 , we presented the empirical rejection rates (ERR) of these tests. We observe that the proposed tests have empirical sizes that are close to the nominal level, and achieve reasonably good power when the null hypotheses are violated. In addition, the Kolmogorov-Smirnov type tests statistics and the Cramér Von-Mises type tests appear to have quite similar performance.
In summary, our simulation studies demonstrate that the proposed methods work well with realistic sample sizes under different configurations of link functions, censoring and truncation rates. The proposed inference renders accurate variance estimation, confidence intervals with satisfactory coverage probabilities, and hypothesis tests with right size and good power. Furthermore, additional simulation results in Appendix A.1 illustrate the satisfactory performances of the proposed methods under smaller sample size of n = 100.
Analysis of Denmark Diabetes Registry Data
We applied the proposed methods to the the Denmark diabetes registry study. We focused on the cohort of subjects that were born before 1940 and had diabetes onset age between 15 and 31. In this cohort, the median follow-up time is 27 years. Among the 858 subjects in this cohort, 249 developed DN and 343 died during the follow-up period. Here, we are interested in the cumulative incidence of DN following diabetes diagnosis, after properly accounting for the left truncation to death due to the time-lag between diagnosis and study enrollment. We fit model (2) to this dataset with covariates, diabetes onset age (Z 1 ) and gender (Z 2 ), setting g(x) = 1 − exp(−x). In this setup, a negative regression coefficient would indicate that the corresponding covariate has a beneficial protecting effect against the development of DN. Figure 3 presents the estimated regression coefficient β̂( j) (t) for j = 1, 2 and t ∈ [5, 40] (years), as well as the estimate of the baseline cumulative incidence F̂1 0 (t) = 1 − exp{−β̂( 0) (t)}. Also presented are the naive estimates obtained by applying Scheike et al. (2008) 's method without handling left truncation. We observe from Figure 3 that the coefficient for age is always negative, and the confidence intervals mostly exclude 0. This result suggests that patients with older diabetes onset age tend to have a lower cumulative incidence of DN in the presence of death. The effect of diabetes onset age also seems to increase over time. Regarding the gender effect on DN, we observe that the difference between males and females is not significant at small t, while males tend to have higher cumulative incidence of DN after 20 (years) from the diagnosis of diabetes.
Of note, the naive method leads to quite different estimates for the baseline cumulative incidence estimate and the regression coefficients from those obtained by the proposed method. Such a difference is more apparent in Figure 4 , where we plot the ratio of the naive estimator to the proposed estimator. It is shown that ignoring left truncation can lead to over 10% underestimation of cumulative incidence of DN.
We also conducted formal hypothesis tests to evaluate the significance and the parametric forms of the covariate effects for t ∈ [5, 40] (years) based on 5000 resamples. When testing the overall significance of the age effect, both and yield highly significant pvalues that are less than 0.001. This confirms our observation from Figure 3 that the coefficient for age is quite apart from zero for most time points. For gender, the overall significance test based on gives a p-value of 0.077, while that based on yields a p-value of 0.026. This result provides some marginal evidence for the influence of gender on the DN progression. Regarding the tests on parametric forms, we first assessed the constancy of covariate effects. The p-values for the age effect based on and are both less than 0.001, and those for the gender effect are 0.006 and 0.01 respectively. These results are consistent with our observations from Figure 3 that the impact of diabetes onset age and gender on the DN cumulative incidence seems to change over time. Next, we checked on the linearity of covariate effects. For the age effect, the p-values from and are smaller than 0.001. For the gender effect, the corresponding p-values equal 0.024 and 0.058 respectively. The results from the linearity tests suggest that a simple additive subdistribution hazard model may not provide an adequate fit for the data, thereby illustrating the need of adopting the proposed varying coefficient subdistribution regression model.
In conclusion, our analysis suggests a significant beneficial effect of older diabetes onset age on DN progression, which is more pronounced for long-term DN incidence. Gender may have some influence the cumulative incidence rate of DN but its effect appears to emerges rather late, about 20 years since diabetes diagnosis.
Discussions
In this work, we propose a flexible semiparametric regression method tailored to lefttruncated semi-competing risks data. The adopted varying coefficient subdistribution regression model permits the investigation of temporal covariate effects on the cumulative incidence function. The proposed method also appropriately handles the left truncation in the semi-competing risks setting without involving unnecessary artificial truncation.
When compared to Li and Peng (2011) 's work, the proposed method directly links covariates to the cumulative incidence probabilities, and therefore it may be preferred when scientific interest lies in estimating and predicting the cumulative incidence probabilities of the nonterminating event. The method developed by Li and Peng (2011) would be useful for characterizing covariate effects on the nonterminating event in the time scale, instead of the probability scale. The proposed regression procedure for left-truncated semi-competing risks data thus serves as a useful alternative to the method by Li and Peng (2011) , in the same way that a Cox proportional hazards model or other linear transformation models complement the accelerated failure time model. Left truncated semi-competing risks data also arise in many fields other than biomedicine, such as econometrics, actuarial science, and social science. For example, in a study of life insurance, time from policy initiation to policy withdrawl or surrender may be of interest but can be dependently censored by death. At the same time, time to death is subject to left truncation by time to study enrollment. This is because subjects who die before study enrollment are naturally excluded from the study sample. The proposed methodology will be useful in such non-biomedical applications as well.
The estimation presented in Section 3 requires that (L, C) is independent of Z. This assumption can be easily relaxed when the distribution of (L, C) differs only by some discrete covariates. Specifically, one may estimate W(y, z) following the procedure in Section 3 separately within each covariate stratum. In more general cases, additional regression modeling of (L, C) given Z may be adopted to capture the dependence between (L, C) and Z, thereby enabling appropriate estimation of W(y, z) and thus β 0 (·).
In this work, we study a fully functional model where all regression co-efficients are functions of time. The proposed method can be extended to a partially functional model, where some of the regression coefficients are restricted to be constant. The coefficients can be estimated via an iterative procedure similar to that in Scheike and Zhang (2007) and Qian and Peng (2010) .
is Donsker thus Glivenko-Cantelli (Kosorok, 2008) . This is because and are both uniformly bounded, and that the class of indicator functions is Donsker. Let , an application of the Glivenko-Cantelli theorem thus gives (B.4) Now using the fact that S n {β(t), t} = μ{β 0 (t), t} = 0, and we can combine (B.3) and (B.4) to see that (B.5) For any ζ ∈ ℝ and u ∈ ℝ p+1 , with u ⊗2 = 1, it is easy to see that u T μ{β 0 (t) + uζ, t} is decreasing in ζ. Using similar arguments as those in Peng and Fine (2009) , we can combine condition C4 and the Cauchy-Schwarz inequality to see When combined with (B.5), this inequality further indicates that the probability that {β(t), t ∈ [l, u]} ⊆ (ρ 0 ) goes to 1 when n goes to infinity. We can now use Taylor expansion and condition C4 to get (B.6) This completes the proof of Theorem 1.
Appendix C. Proof of Theorem 2
Combine (B.2) and some algebraic manipulations, we can write Here and in the sequel, we use ≈ to denote uniform asymptotic equivalence for t ∈ [l, u] .
We can apply Glivenko-Cantelli theorem to to see (C.1) Here , and is the data from the i th subject. Since and are independent and Ew i (y, z) = 0, we have that χ 1,i (t) is also of expectation 0.
Define
, we have that and Eχ 2,i (t) = 0. Moreover, we can combine (C.1) and get (C.2) where χ i (t) = χ 1,i (t) + χ 2,i (t). Following standard arguments of empirical process, the function class = {χ i (t) : t ∈ } can be shown to be Donsker. It then follows that converges weakly to a Gaussian process with asymptotic variance covariance σ S (t′, t) = E{χ i (t′)χ i (t) T }.
We can now take a Taylor expansion of S n {β(t), t} around β 0 (t), and combine the uniform consistency of β(t) to β 0 (t) to see Since is uniformly consistent for , we can combine (C.2) and get Write ξ i (t) = −d{β 0 (t)} −1 χ i (t). As ||d{β 0 (t)} −1 || is bounded from above and = {χ i (t) : t ∈ } is Donsker, the function {ξ i (t) : t ∈ [l, u]} can also shown to be Donsker, as Donsker's property is preserved under Lipschitz transformations. This immediately gives the weak convergence of n 1/2 {β(t) − β 0 (t)} to a zero-mean Gaussian process, whose covariance matrix is given by d{β 0 (t′)} −1 E[χ i (t′)χ i (t) T ]d{β 0 (t)} −T . This completes the proof of Theorem 2. Root mean squared error (RMSE) of the proposed β̂( k) (black) and the (blue) in Scheike et al. (2008) . The dashed lines correspond to the situation with n = 200, and the solid lines correspond to n = 400. The first three columns represent the RMSE of the estimated regression coefficients, and the last column illustrates the RMSE of the corresponding F 1 {t| Z = (1, 1, 0) T } estimates. From top to bottom, the four rows correspond to Setups S1A, S2A, S1M and S2M respectively. Empirical coverage rates of the 95% confidence intervals based on the proposed methods (black) and the naive methods (blue) respectively. The dashed lines correspond to the situation with n = 200, and the solid lines correspond to n = 400. From top to bottom, the four rows correspond to Setups S1A, S2A, S1M, S2M, respectively. Analysis of Denmark diabetes registry data: estimated baseline cumulative incidence of DN, which corresponds to female subjects at age 15, and the estimated regression coefficients for diabetes onset age and gender (bold solid line: proposed estimates; dotted line: proposed 95% Wald-type confidence intervals; dashed line: naive estimates by ignoring left truncation). Table 2 Summary of simulation results under setups S1A and S2A, where the five rows under each setup correspond to t = 0.3, t = 0.5, t = 0.6, t = 1.1 and t = 1.5, respectively. Summary of simulation results under setups S1M and S2M, where the five rows under each setup correspond to t = 0.3, t = 0.5, t = 0.6, t = 1.1 and t = 1.5, respectively. Summary of simulation results: empirical rejection rates of the proposed hypothesis tests based on different test statistics. Summary of simulation results, where sample size n = 100. The five rows under each setup correspond to t = 0.3, t = 0.5, t = 0.6, t = 1.1 and t = 1.5, respectively. 
